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Abstract—Subspace selection approaches are powerful tools in pattern classification and data visualization. One of the most
important subspace approaches is the linear dimensionality reduction step in the Fisher’s linear discriminant analysis (FLDA), which
has been successfully employed in many fields such as biometrics, bioinformatics, and multimedia information management. However,
the linear dimensionality reduction step in FLDA has a critical drawback: for a classification task with c classes, if the dimension of the
projected subspace is strictly lower than c� 1, the projection to a subspace tends to merge those classes, which are close together in
the original feature space. If separate classes are sampled from Gaussian distributions, all with identical covariance matrices, then the
linear dimensionality reduction step in FLDA maximizes the mean value of the Kullback-Leibler (KL) divergences between different
classes. Based on this viewpoint, the geometric mean for subspace selection is studied in this paper. Three criteria are analyzed:
1) maximization of the geometric mean of the KL divergences, 2) maximization of the geometric mean of the normalized KL
divergences, and 3) the combination of 1 and 2. Preliminary experimental results based on synthetic data, UCI Machine Learning
Repository, and handwriting digits show that the third criterion is a potential discriminative subspace selection method, which
significantly reduces the class separation problem in comparing with the linear dimensionality reduction step in FLDA and its several
representative extensions.

Index Terms—Arithmetic mean, Fisher’s linear discriminant analysis (FLDA), geometric mean, Kullback-Leibler (KL) divergence,
machine learning, subspace selection (or dimensionality reduction), visualization.
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1 INTRODUCTION

FISHER’S linear discriminant analysis (FLDA) [28], [13], [9],
a combination of a linear dimensionality reduction step

and a classification step, was first developed by Fisher [14]
for binary classification and then extended by Rao [31] to
multiclass classification. The advantages of the linear
dimensionality reduction step in FLDA have been widely
demonstrated in different applications, e.g., biometrics [22],
bioinformatics [10], and multimedia information manage-
ment [6]. In the rest of the paper, to simplify the notation,
we refer to the linear dimensionality reduction step in
FLDA as FLDA and the classification step in FLDA as the
linear discriminant analysis (LDA).

However, for a c-class classification task, if the dimension
of the projected subspace is strictly lower than c� 1, FLDA
merges classes, which are close in the original feature space.
This is defined as the class separation problem in this paper. As
pointed out by McLachlan in [28], Lotlikar and Kothari [23],
Loog et al. [25], and Lu et al. [27], this merging of classes
significantly reduces the recognition accuracy. The example
in Fig. 1 shows that FLDA does not always select the optimal

subspace for pattern classification. To improve its perfor-
mance, Lotlikar and Kothari [23] developed the fractional-
step FLDA (FS-FLDA) by introducing a complex weighting
function. Loog et al. [25] developed another weighting
scheme for FLDA, namely, the approximate pairwise
accuracy criterion (aPAC). The advantage of aPAC is that
the projection matrix can be obtained by the generalized
eigenvalue decomposition. Lu et al. [27] combined the FS-
FLDA and the direct FLDA [43] for very high-dimensional
problems such as face recognition. Although all existing
methods reduce this problem to some extent, there is still
some room to obtain a further improvement.

In this paper, aiming to solve the class separation problem,
we first generalize FLDA to obtain a general averaged
divergence analysis [37]. If different classes are assumed to
be sampled from Gaussian densities with different expected
values but identical covariances, then FLDA maximizes the
arithmetic mean value of the Kullback-Leibler (KL) diver-
gences [5] between the different pairs of densities. Our
generalization of the FLDA is based on replacing the
arithmetic mean by a general mean function. By choosing
different mean functions, a series of subspace selection
algorithms is obtained, with FLDA included as a special case.

Under the general averaged divergence analysis, we
investigate the effectiveness of the geometric mean-based
subspace selection in solving the class separation problem.
The geometric mean amplifies the effects of the small
divergences and, at the same time, reduces the effects of the
large divergences. Next, to further amplify the effects of the
small divergences, the maximization of the geometric mean of
the normalized divergences is studied. This turns out not to be
suitable for subspace selection, because there exist projec-
tion matrices, which make all the divergences very small
and, at the same time, make all the normalized divergences
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similar in value. We therefore propose a third criterion,
which is a combination of the first two, maximization of the
geometric mean of all divergences (both the divergences and
the normalized divergences) or, briefly, MGMD. Prelimin-
ary experiments based on synthetic data, UCI data [29], and
handwriting digits show that MGMD achieves much better
classification accuracy than FLDA and several representa-
tive extensions of FLDA taken from the literature.

The rest of the paper is organized as follows: In Section 2,
FLDA is briefly reviewed. In Section 3, we investigate the
geometric mean for discriminative subspace selection, pro-
pose the MGMD for discriminative subspace selection, and
analyze why it helps to reduce the class separation problem.
Three examples based on synthetic data are given in
Section 4 to demonstrate the advantages of MGMD. A
large number of statistical experiments based on synthetic
data are given in Section 5 to show the properties of MGMD
and demonstrate that MGMD significantly reduces the class
separation problem. To show the geometric mean is more
reasonable than arithmetic mean in discriminative subspace
selection, further empirical studies are given based on the
UCI Machine Learning Repository [29] in Section 6. In
Section 7, an experimental application to handwriting
recognition is given, and Section 8 concludes the paper.

2 FISHER’S LINEAR DISCRIMINANT ANALYSIS

The aim of FLDA [28], [13], [9] is to find in the feature space
a low-dimensional subspace, in which the different classes
of measurements are well separated for certain cases. The
subspace is spanned by a set of vectors, wi, 1 � ii � mm,
which form the columns of a matrix W … ‰w1; . . . ; wm�. It is
assumed that a set of training measurements is available.
The training set is divided into c classes. The ith class
contains nni measurements xi;jð1 � j � niÞ and has an
expected mean of ��i … ð1=niÞ

Pni
j…1 xi;j. The between-class

scatter matrix Sb and the within-class scatter matrix Sw are
respectively defined by

Sb … 1
n
Pc

i…1
nið��i � ��Þð��i � ��ÞT ;

Sw … 1
n
Pc

i…1

Pni

j…1
ðxi;j � ��iÞðxi;j � ��iÞ

T ;

8
>><

>>:
ð1Þ

where nn …
Pc

i…1 ni is the size of the training set, and �� …
ð1=nÞ

Pc
i…1
Pni

j…1 xi;j is the expected mean of all training
measurements. The projection matrix W� of FLDA is
defined by

W� … arg max
W

tr WT SwW
� ��1WT SbW
� �

: ð2Þ

The projection matrix W� is computed from the
eigenvectors of S�1

w Sb, under the assumption that Sw is
invertible. If c is equal to 2, FLDA reduces to Fisher’s
discriminant analysis [14]; otherwise, FLDA is known as
Rao’s multiple discriminant analysis [31]. After the linear
subspace selection step, LDA is chosen as the classifier for
classification. LDA, a statistical classification method,
assumes the probability distribution of each class is
Gaussian with different means but identical class covar-
iances. This is consistent with the assumption of FLDA, i.e.,
if measurements in different classes are randomly drawn
from Gaussian densities with different expected means but
identical covariances, then FLDA maximizes the mean
value of the KL divergences between all pairs of densities.
In summary, FLDA maximizes all KL divergences between
different pairs of densities with the homoscedastic Gaussian
assumption. This is proved in the Observation 1 in
Section 3.1.

FLDA is a preprocessing step for LDA to enhance the
classification performance. This is not the only way for this
objective and related works are listed as below. Friedman [12]
has proposed the regularized discriminant analysis (RDA),
which is a classification tool to smooth out the effects of ill or
poorly conditioned covariance estimates due to the lack of
training measurements. RDA is a combination of the ridge
shrinkage [28], LDA, and quadratic discriminant analysis
(QDA) [13]. It provides many regularization alternatives and
is an intermediate classifier between the linear, the quadratic,
and the nearest means classifier. It performs well but fails to
provide interpretable classification rules. To solve this
problem, Bensmail and Celeux [2] proposed the regularized
Gaussian discriminant analysis (RGDA) by reparameterizat-
ing class covariance matrices, and the optimization stage is
based on the eigenvalue decomposition. It provides a clear
classification rule and performs at least as well as RDA. By
introducing the reduced rank step, both RDA and RGDA can
beappliedfordiscriminativesubspaceselection.However,all
extensions will have the class separation problem because
they do not consider the effects of different distances between
different classes. Bouveyron et al. [3] introduced the high-
dimensional discriminant analysis (HDDA) for classification.
HDDA reduces dimensions for different classes indepen-
dently and regularizes class covariance matrices by assuming
classes are spherical in their eigenspace. It can be deemed as a
generalizationofLDA and QDA. In thispaper, our focus is the
discriminative subspace selection, because it is important for
notonlyclassificationbutalsovisualizationofmeasurements.
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Fig. 1. Measurements in each class are drawn from a Gaussian
distribution. The linear dimensionality reduction step in FLDA finds a
projection direction, which merges class 1 and class 2. One of the
reasonable projection directions for classification yields the distance
between class 1 and class 2 but a smaller distance between class (1, 2)
and class 3.
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3 GEOMETRIC MEAN FOR SUBSPACE SELECTION

In FLDA, the arithmetic mean of the divergences is used to
find a suitable subspace into which to project the feature
vectors. The main benefit of using the arithmetic mean is
that the projection matrix can be obtained by the general-
ized eigenvalue decomposition. However, FLDA has the
class separation problem defined in Section 1, and it is not
optimal for multiclass classification [28], [23], [25], [27]
because the effects of small divergences are not emphasized
in a proper way. This will merge two classes with a small
divergence in the projected subspace so that large diver-
gences can be preserved as much as possible to meet the
objective for subspace selection. To reduce this problem, the
geometric mean combined with the KL divergence is
carefully studied in this Section because this setting
emphasizes effects of small divergences and thus reduces
the class separation problem significantly in the projected
subspace. Moreover, the geometric mean can also be
applied to combine with Bregman divergence, as discussed
in [37].

For Gaussian probability density functions, pi … Nðx; ��i;
�iÞ, where ��i is the mean vector of the ith class measure-
ments, and �i is the within-class covariance matrix of the
ith class, the KL divergence [5] is

D pikpj
� �

…
Z

dxN x; ��i; �ið Þ ln
N x; �i; �ið Þ

N x; ��j; �j

� �

…
1
2

ln j�jj � ln j�ij þ tr ��1
j �i

� �
þ tr ��1

j Dij

� �h i
;

ð3Þ

where Dij … ð��i � ��jÞð��i � ��jÞ
T and j�j … detð�Þ. To sim-

plify the notation, we denote the KL divergence between
the projected densities pðWT xjy … iÞ, and pðWT xjy … jÞ:

DW pikpj
� �

…D p WT xjy … i
� �

kp WT xjy … j
� �� �

…
1
2

�
ln WT �jW
�� ��� ln WT �iW

�� ��

þ tr WT �jW
� ��1 WT �i þDij

� �
W

� �� ��
:

ð4Þ

3.1 General Averaged Divergence Analysis
We replace the arithmetic mean by the following general
mean,

V�ðWÞ … ��1

P

1�i6…j�c
qiqj� DW pikpj

� �� �

P

1�m 6…n�c
qmqn

2

64

3

75; ð5Þ

where �ð�Þ is a strict monotonic real-valued increasing
function defined on ð0;þ1Þ; ��1ð�Þ is the inverse function
of �ð�Þ; qi is the prior probability of the ith class (usually, we
can set qi … ni=n or simply set qi … 1=c); pi is the conditional
distribution of the ith class; x 2 RRn, where RRn is the feature
space containing the training measurements; and W 2
Rn�k ðn � kÞ is the projection matrix. The general averaged
divergence function measures the average of all divergences
between pairs of classes in the subspace. We obtain the

projection matrix W� by maximizing the general averaged
divergence function V�ðWÞ over W for a fixed �ð�Þ.

On setting �ðxÞ … x in (5), we obtain the arithmetic
mean-based method for choosing a subspace:

W� … arg max
W

X

1�i6…j�c

qiqjDW pikpj
� �

P

1�m 6…n�c
qmqn

… arg max
W

X

1�i6…j�c
qiqjDW pikpj

� �
:

ð6Þ

Observation 1. FLDA maximizes the arithmetic mean of the KL
divergences between all pairs of classes, under the assumption
that the Gaussian distributions for the different classes all have
the same covariance matrix. The projection matrix W� in
FLDA can be obtained by maximizing a particular VV �ðWÞ.

Proof. According to (3) and (4), the KL divergence between
the ith class and the jth class in the projected subspace
with the assumption of equal covariance matrices ð�i …
�j … �Þ is

DW pikpj
� �

…
1
2

tr WT �W
� ��1WT DijW
� �

þ constant: ð7Þ

Then, we have

W� … arg max
W

X

1�i 6…j�c
qiqjDW pikpj

� �

… arg max
W

X

1�i 6…j�c
qiqjtr WT �W

� ��1WT DijW
� �� �

… arg max
W

tr WT �W
� ��1WT

Xc�1

i…1

Xc

j…iþ1
qiqjDij

 !

W

 !

:

Because Sb …
Pc�1

i…1
Pc

j…iþ1 qiqjDij, as proved by Loog
in [24], and St … Sb þ Sw … � (see [13]), we have

arg max
W

X

1�i6…j�c
qiqjDW pikpj

� �

… arg max
W

tr WT SwW
� ��1WT SbW
� �

:
ð8Þ

tu

It follows from (8) that a solution of FLDA can be
obtained by the generalized eigenvalue decomposition.

Example. Decell and Mayekar [8] maximize the summation
of all symmetric KL divergences between all pairs of
classes in the projected subspace. In essence, there is no
difference between [8] and maximizing the arithmetic
mean of all KL divergences.

3.2 Criterion 1: Maximization of the Geometric Mean
of the Divergences

The log function is a suitable choice for � because it increases
the effects of the small divergences and, at the same time,
reduces the effects of the large divergences. On setting �ðxÞ …
logðxÞ in (5), the generalized geometric mean of the diver-
gences is obtained. The required subspace W� is given by
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W� … arg max
W

Y

1�i6…j�c
DW pikpj

� �	 

qiqjP

1�m6…n�c

qmqn

: ð9Þ

It follows from the mean inequality that the generalized
geometric mean is upper bounded by the arithmetic mean
of the divergences, i.e.,

Y

1�i 6…j�c
DW pikpj

� �	 

qiqjP

1�m6…n�c

qmqn

�
X

1�i6…j�c

qiqjP

1�m6…n�c
qmqn

DW pikpj
� �

0

B@

1

CA:

ð10Þ

Furthermore, (9) emphasizes the total volume of all
divergences, e.g., in the special case qi … qj for all i, j:

arg max
W

Y

1�i6…j�c
DW pikpj

� �	 

qiqjP

1�m6…n�c

qmqn

… arg max
W

Y

1�i6…j�c
DW pikpj

� �	 
qiqj

… arg max
W

Y

1�i6…j�c
DW pikpj

� �
:

ð11Þ

3.3 Criterion 2: Maximization of the Geometric Mean
of the Normalized Divergences

We can further strengthen the effects of the small
divergences on the selected subspace by maximizing the
geometric mean1 of all normalized divergences2 in the
projected subspace, i.e.,

W� … arg max
W

Y

1�i 6…j�c
EW pikpj

� �
" # 1

cðc�1Þ

… arg max
W

Y

1�i6…j�c
EW pikpj

� �
;

ð12Þ

where the normalized divergence EWðpikpjÞ between the
ith class and the jth class is defined by

EW pikpj
� �

…
qiqjDW pikpj

� �
P

1�m 6…n�c
qmqnDW pmkpnð Þ

: ð13Þ

The intuition behind (12) is that the product of the
normalized divergences achieves its maximum value if and
when the normalized divergences are equal to each other.
Therefore, maximizing the geometric mean of the normal-
ized divergences tends to make the normalized divergences
as similar as possible. And, thus, the effects of the small
divergences are further emphasized.

3.4 Criterion 3: Maximization of the Geometric Mean
of All Divergences

Although criterion 2 emphasizes the small divergences
during optimization, direct use of this criterion is not

desirable for subspace selection. This is because experi-
ments in Section 4.1 show that there exist W for which all
the divergences become small, but all the normalized
divergences are comparable in value. In such cases, the
projection matrix W is unsuitable for classification, because
several classes may be severely overlapped.

To reduce this problem, we combine criterion 2 with
criterion 1. The new criterion maximizes the linear combina-
tion of 1) the log of the geometric mean of the divergences and
2) the log of the geometric mean of the normalized
divergences. This criterion is named the MGMD:

W� … arg max
W

(

� log
Y

1�i6…j�c
EW pikpj

� �
" # 1

cðc�1Þ

þð1� �Þ log

Y

1�i6…j�c
DW pikpj

� �	 

qiqjP

1�m6…n�c

qmqn
)

… arg max
W

1
cðc�1Þ

P

1�i6…j�c
log DW pikpj

� �

� log
P

1�i6…j�c
qiqjDW pikpj

� �
 !

þ ð1��Þ
�
P

1�m6…n�c
qmqn

P

1�i6…j�c
qiqj log DW pikpj

� �

8
>>>>>>>><

>>>>>>>>:

9
>>>>>>>>=

>>>>>>>>;

;

ð14Þ

where the supremum of � is 1, and the infimum of � is 0.
When � … 0, (14) reduces to (9); and when � … 1, (14)
reduces to (12). By setting qi … 1=c, we can simplify the
above formula as

W� … arg max
W

(
X

1�i6…j�c
log DW pikpj

� �
� �cðc� 1Þ

log
X

1�i 6…j�c
DW pikpj

� �
 !)

:

Based on (14), we define the value of the objective
function as

LðWÞ …
1

cðc� 1Þ

X

1�i6…j�c
log DW pikpj

� �

� log
X

1�i6…j�c
qiqjDW pikpj

� �
 !

þ
ð1� �Þ

�
P

1�m6…n�c
qmqn

X

1�i6…j�c
qiqj log DW pikpj

� �
:

ð15Þ

Therefore, W� … arg maxW LðWÞ. The objective function
LðWÞ depends only on the subspace spanned by the
columns of W or LðWÞ … LðWQÞ when Q is an orthogonal
r� r matrix. This is because DWðpikpjÞ … DWQðpikpjÞ
according to [5] and [13]. In Section 3.5, we discuss how
to obtain solutions for (14) based on the gradient steepest
ascent optimization procedure.

3.5 Optimization Procedure of MGMD
The gradient steepest ascent could be applied here to obtain
a solution of MGMD. That is, the projection matrix can be
updated iteratively according to W Wþ � � @WLðWÞ,
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1. In (12), we use the geometric mean but not the generalized geometric
mean because the weights (the prior probabilities qi) are moved to the
normalized divergences, as shown in (13).

2. The sum of all normalized divergences is one.
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where � is the learning rate parameter, and it affects the
learning procedure. If � is very small, it takes a large
number of iterations to obtain a local optimal solution for
the projection matrix W. This means the training procedure
will be time consuming. Otherwise, the training procedure
fails to converge to a local optimal solution for the
projection matrix W. To find a suitable � is not easy. In
this paper, we just set it as a small value as 0.001 to
guarantee the convergence of the training stage. To obtain
the optimization procedure for MGMD, we need the first-
order derivative of LðWÞ,

@WLðWÞ …

P

1�i6…j�c

1
cðc�1Þ þ

ð1��Þqiqj

�
P

1�m6…n�c
qmqn

0

@

1

AD�1
W pikpj
� �

@WDW pikpj
� �

�
P

1�m6…n�c
qmqnDW pmkpnð Þ

 !�1
P

1�i6…j�c
qiqj@WDW pikpj

� �
 !

0

BBBBBB@

1

CCCCCCA
;

ð16Þ

and

@WDW pikpj
� �

…

�jW WT �jW
� ��1��iW WT �iW

� ��1þ

�i þDij
� �

W WT �jW
� ��1

��jW WT �jW
� ��1WT �i þDij

� �
W WT �jW
� ��1

0

BB@

1

CCA:

ð17Þ

With (16) and (17), the gradient steepest ascent-based
optimization procedure of MGMD is given in Table 1. The
time complexity of MGMD is around cðc� 1Þ‰11Oðn2kÞ þ
10Oðk3Þ þ 6Oðnk2Þ�MT for M different initializations and
T iterations in gradient steepest ascent optimization. This cost
is approximated based on the Schoolbook matrix multi-
plication [33]. By applying Coppersmith-Winograd algo-
rithm [33], the cost can be further reduced.

Note that the concavity of LðWÞ cannot be guaranteed.
To reduce the effects of local maxima [1], a number of
different initial projection matrices can be generated, and
we can carry out independent optimizations and then select
the best one. However, empirical study in Section 5.3 shows
that we may not meet this problem for some cases.

3.6 Related Works
FLDA does not fully utilize the discriminative information
contained in the covariances of different classes; it models
each class with a single Gaussian density; and it fairly
considers all KL divergences between different pairs of
classes. Therefore, FLDA has the corresponding three
problems: 1) heteroscedastic problem, 2) multimodal pro-
blem, and 3) class separation problem. Moreover, in practical
applications, e.g., biometrics research, FLDA encounters the
undersampled problem [41], because the number of training
measurements is less than the dimension of the feature space.
To reduce these problems, a number of extensions have been
developed.

Heteroscedastic problem. Decell and Mayekar [8]
proposed a method to obtain a subspace to maximize
the average interclass divergences, which measure the
separations between the classes. This criterion takes into

account the discriminative information preserved in the
covariances of different classes. De la Torre and Kanade
[7] developed the oriented discriminant analysis (ODA)
based on the same objective function used in [8] but used
iterative majorization to obtain a solution. Iterative
majorization speeds up the training stage. Each class is
modeled by a GMM. Jelinek [21] selected discriminative
subspace by modeling each class covariance separately.
This resulted in the heteroscedastic discriminant analysis
(HDA). The solution is given by maximizing JðWÞ …
n log jWT SbWj �

Pc
i…1 ni log jWT �iWj. Loog and Duin

[26] introduced the Chernoff criterion to heteroscedasti-
cize FLDA, i.e., the heteroscedastic extension of LDA
(HFLDA). HFLDA takes the class covariance information
into account, so it can deal with the heteroscedastic
problem. HFLDA works more efficiently than HDA
because its solution is given by the eigenvalue decom-
position. The main drawback of the abovementioned
variants is they fairly deal with all interclass divergences,
so they have the class separation problem.

Multimodal problem. Hastie and Tibshirani [19] com-
bined GMM with FLDA based on the fact that FLDA is
equivalent to the maximum likelihood classification when
each class is modeled by a single Gaussian distribution. The
extension directly replaces the original single Gaussian in
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TABLE 1
Optimization Procedure for MGMD
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each class by a Gaussian mixture model (GMM) in
Campbell’s result [4]. De la Torre and Kanade [7] general-
ized ODA for a multimodal case as the multimodal ODA
(MODA) by combining it with the GMMs learned by
normalized cut [34].

Class separation problem. Lotlikar and Kothari [23]
found for discriminative subspace selection that it is
important to consider the nonuniform distances between
classes, i.e., some distances between different classes are
small, while others are large. To take this information into
account, weightings are updated iteratively. According to
the analysis for the class separation problem, weightings are
helpful to reduce the class separation problem. It is worth
noting that Lotlikar and Kothari did not mention this
problem formally, and polynomial functions over distances
between different classes are applied as weightings in a
heuristic way. Unlike [23], Loog et al. [25] claimed that
ð1=2x2Þerfðx=2

���
2
p
Þ is a suitable weighting function, and x is

the distance between two classes weighted by the inverse of
the total covariance matrix. In Loog’s weighting scheme,
iterative optimization procedure is avoided and eigenvalue
decomposition is applied to have the projection matrix for
subspace selection. Moreover, Loog et al. proved that their
proposed criterion approximates the mean classification
accuracy. However, both methods have the class separation
problem with the heteroscedastic setting, as demonstrated
in Section 4.3, and it is difficult to extend them directly for
heteroscedastic setting.

Undersampled problem. Friedman [12] proposed the
RDA, which is a combination of ridge shrinkage, LDA, and
QDA. Hastie et al. [17] viewed FLDA as multivariate linear
regression and used the penalized least squares regression
to reduce the SSS problem. Swets and Weng [36] introduced
PCA as the preprocessing step in FLDA for face recognition.
Raudys and Duin [32] applied the pseudoinverse to the
covariance matrix in FLDA to reduce this problem. Ye et al.
[41] introduced the generalized singular value decomposi-
tion (GSVD) to avoid this problem in FLDA. Ye and Li [42]
combined the orthogonal triangular decomposition with
FLDA to reduce the SSS problem.

Nonparametric models. Recently, to take the nonlinearity
of the measurement distribution into account, classification
driven nonparametric models have been developed and
achieved improvements. Hastie and Tibshirani [20] realized
that the nearest neighbor classifier suffers from bias in high-
dimensional space, and this affects the classification accu-
racy. To reduce this problem, LDA is applied locally to
estimate the local distance metric to estimate neighborhood
measurements for future classification. By reformulating the
within-class scatter matrix and the between-class scatter matrix
defined in FLDA in a pairwise manner, Sugiyama [35]
proposed the local FLDA (LFLDA). The original objective of
LFLDA is to reduce the multimodal problem in FLDA.
Torkkola [40] applied the nonparametric Renyi entropy to
model the mutual information between measurements in the
selected subspace and corresponding labels. Because the
mutual information is relevant to the upper bound of the
Bayes error rate, it can be applied to select discriminative
subspaces. Fukumizu et al. [15] developed the kernel
dimensionality reduction (KDR) based on the estimation
and optimization of a particular class of operators on the

reproducing kernel Hilbert space, which provides character-
izations of general notions of independence. These character-
izations are helpful to design objective functions for
discriminative subspace selection. Peltonen and Kaski [30]
generalized FLDA through a probabilistic model by max-
imizing mutual information. Unlike [40], they applied
Shannon entropy for probabilistic inference. This model is
equivalent to maximizing the mutual information with
classes asymptotically. Zhu and Hastie [44] developed a
general model for discriminative subspace selection without
assuming class densities belong to a particular family. With
nonparametric density estimators, this model maximizes the
likelihood ratio between class-specific and class-independent
models. Goldberger et al. [16] developed the neighborhood
components analysis (NCA) for learning a distance metric for
the k-nearest-neighbor ðkNNÞ classification. It maximizes a
stochastic variant of the leave-one-out kNN score over
training measurements, and it is a nonparametric classifica-
tion driven subspace selection method. Although nonpara-
metric models achieve improvements for classification and
do not assume class densities belong to any particular family,
it is still important to study models with specific prior
probability models for understanding statistical properties of
measurements. In addition, the new method could in
principle be faster than several nonparametric methods since
it only uses the covariance and Dij matrices for optimization,
not the individual data point locations.

4 A COMPARATIVE STUDY USING SYNTHETIC DATA

In this section, we compare the effectiveness of MGMD with
FLDA [13], HDA [21], aPAC [25], weighted FLDA
(WFLDA) [13], FS-FLDA [23], HFLDA [26], ODA [7], and
MODA [7] in handling three typical problems (heterosce-
dastic problem, multimodal problem, and class separation
problem) appeared in FLDA. WFLDA [13] is similar to
aPAC, but the weighting function is d�8, where d is the
original-space distance between a pair of class centers. In
FS-FLDA, the weighting function is d�8, and the number of
fractional steps is 30. We denote the proposed method as
MGMDð�Þ, where � is the combination factor defined in
(14). The empirical studies in this section demonstrate that
MGMD has no heteroscedastic problem; the multimodal
extension of MGMD has no multimodal problem, and
MGMD can significantly reduce the class separation
problem. To better understand differences of these algo-
rithms and to visualize measurements conveniently, mea-
surements are generated in two-dimensional (2D) spaces. In
the following experiments, projections with less classifica-
tion errors are better choices as a classification goal because
they better separate classes in the projected subspace. We
choose the nearest class for each measurement by Mahala-
nobis distance to the class center for classification.

4.1 Heteroscedastic Example
To examine the classification ability of these subspace
selection methods for the heteroscedastic problem [26], we
generate two classes such that each class has 500 measure-
ments, drawn from a Gaussian distribution. The two classes
have identical mean values but different covariances. As
shown in Fig. 2, FLDA, aPAC, WFLDA, and FS-FLDA
separate class means without taking the differences
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between covariances into account. In contrast, HDA,
HFLDA, ODA, MGMD(0), and MGMD(1/2) consider both
the differences between class means and the differences
between class covariances, so they have less training errors,
and their projections are better in a classification goal.

Based on the same data set, we demonstrate that the
geometric mean of the normalized divergences is not
sufficient for subspace selection. On setting � … 1 in (14),
MGMD reduces to the maximization of the geometric mean
of the normalized KL divergences. Fig. 3a shows the
projection direction (indicated again by lines, as in Fig. 2)
of the training data from the 2D subspace to one-
dimensional (1D) space found by maximizing the geometric
mean of the normalized KL divergences, and the projection
direction will mix the two classes. Fig. 3b shows the
geometric mean of the normalized KLD in the 1D subspace
during training. From this experiment, we observe that
1) the KLD between class 1 and class 2 is 1.1451, and the
normalized KLD is 0.5091 at the 1,000th training iteration,
and 2) the KLD between class 2 and class 1 is 1.1043, and the
normalized KLD is 0.4909 at the 1,000th training iteration.
Fig. 3b shows that the normalized KL divergences is
maximized finally, but the Fig. 3a shows that the projection
direction is not suitable for classification. The suitable
projection direction for classification can be found in Fig. 2g.

4.2 Multimodal Example
In many applications, it is useful to model the distribution
of a class using a GMM, because measurements in the class

may be drawn from a non-Gaussian distribution. The
multimodal extension of MGMD (M-MGMD) is defined as

W� … arg max
W
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where qk
i is the prior probability of the kth subcluster of the

ith class, pk
i is measurement probability of the kth subcluster

in the ith class, and DWðpk
i kpl

jÞ is the divergence between the
kth subcluster in the ith class and the lth subcluster in the
jth class. The parameters for these subclusters can be
obtained from the GMM-FJ method [11], which is a GMM-
EM-like algorithm, proposed by Figueiredo and Jain. That is,
we first run the GMM-FJ to obtain relevant parameters and
then apply (18) for discriminative subspace selection. The
merits of the incorporation of MGMD into GMM-FJ are given
as follows:

1. It reduces the class separation problem, defined in
Section 1.

2. It inherits the merits of GMM-FJ [11]. In detail, it
determines the number of subclusters in each class
automatically; it is less sensitive to the choice of
initial values of the parameters than EM; and it
avoids the boundary of the parameter space.

3. The objective function LGMMðWÞ is invariant to
rotation transformation.

To demonstrate the classification ability of M-MGMD,
we generate two classes; each class has two subclusters; and
measurements in each subcluster are drawn from a
Gaussian distribution. Fig. 4 shows the selected subspaces
of different methods. In this case, FLDA, WFLDA, FS-
FLDA, and aPAC do not select the suitable subspace for
classification. However, the multimodal extensions of ODA
and MGMD can find the suitable subspace. Furthermore,
although HDA and HFLDA do not take account of
multimodal classes, they can select the suitable subspace.
This is because in this case, the two classes have similar
class means but significantly different class covariance
matrices when each class is modeled by a single Gaussian
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Fig. 2. Heteroscedastic example: the projection directions (indicated by
lines in each subfigure) obtained using (a) FLDA, (b) HDA, (c) aPAC,
(d) WFLDA, (e) FS-FLDA, (f) HFLDA, (g) ODA, (h) MGMD(0), and
(i) MGMD(1/2). The training errors of these methods, as measured by
Mahalanobis distance, are 0.3410, 0.2790, 0.3410, 0.3410, 0.3430,
0.2880, 0.2390, 0.2390, and 0.2390, respectively. Therefore, HDA,
HFLDA, ODA, MGMD(0), and MGMD(1/2) have less training errors in
this case.

Fig. 3. The maximization of the geometric mean of the normalized
divergences is insufficient for subspace selection.
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distribution. For complex cases, e.g., when each class
consists of more than three subclusters, HDA and HFLDA
will fail to find the optimal subspace for classification.

4.3 Class Separation Problem
The most prominent advantage of MGMD is that it can
significantly reduce the classification errors caused by the
strong effects of the large divergences between certain
classes. To demonstrate this point, we generate three
classes, and measurements in each class are drawn from a
Gaussian distribution. Two classes are close together and
the third is further away.

In this case, MGMD(0) can also reduce the problem, but
it cannot work as well as MGMD(5/6). In Fig. 5, MGMD(5/
6) shows a good ability of separating the last two classes of
measurements. Furthermore, in MGMD, we achieve the
same projection direction when setting � to 1/6, 2/6, 3/6,
4/6, and 5/6 for this data set. However, FLDA, HDA,
WFLDA, HFLDA, and ODA do not give good results. FS-
FLDA and aPAC algorithms are better than FLDA, but
neither of them gives the best projection direction.

In Fig. 5, different Gaussians have identical class
covariances. In this case, FS-FLDA works better than aPAC.
In Fig. 6, different Gaussians have different class covar-
iances. In this case, aPAC works better than FS-FLDA.
Moreover, in both cases, the proposed MGMD(5/6)
achieves the best performance. Therefore, it is important
to consider the heteroscedastic problem and the class
separation problem simultaneously.

5 STATISTICAL EXPERIMENTS AND ANALYSIS

In this section, we utilize a synthetic data model, which is a
generalization of the data generation model used by Torre
and Kanade [7] to evaluate MGMD in terms of accuracy and
robustness. The accuracy is measured by the average error
rate and the robustness is measured by the standard
deviation of the classification error rates. In this data
generation model, there are five classes, which are repre-
sented by the symbols 	, �, þ, tu, and 
 in Fig. 11. In our
experiments, for each of the training and testing sets, the data
generator gives 200 measurements for each of the five classes
(therefore, there are 1,000 measurements in total). Moreover,
the measurements in each class are obtained from a single
Gaussian. Each Gaussian density is a linear transformation of
a “standard normal distribution”. The linear transformations
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Fig. 4. Multimodal problem: the optimal projection directions (indicated
by lines in each subfigure) by using (a) FLDA, (b) HDA, (c) aPAC,
(d) WFLDA, (e) FS-FLDA, (f) HFLDA, (g) MODA, (h) M-MGMD(0), and
(i) M-MGMD(1/2). The training errors measured by classification
according to the Mahalanobis distance to the nearest subcluster of
these methods are 0.0917, 0.0167, 0.0917, 0.0917, 0.0917, 0.0167,
0.0083, 0.0083, and 0.0083, respectively.

Fig. 5. Class separation problem: the projection directions (indicated by
lines in each subfigure) by using (a) FLDA, (b) HDA, (c) aPAC,
(d) WFLDA, (e) FS-FLDA, (f) HFLDA, (g) ODA, (h) MGMD(0), and
(i) MGMD(5/6). The training errors measured by Mahalanobis distance
of these methods are 0.3100, 0.3033, 0.2900, 0.3033, 0.0567, 0.3100,
0.3100, 0.1167, and 0.0200, respectively. MGMD(5/6) finds the best
projection direction for classification.

Fig. 6. Class separation problem: the projection directions (indicated by
lines in each subfigure) by using (a) aPAC, (b) FS-FLDA, and
(c) MGMD(5/6). The training errors measured by Mahalanobis distance
of these methods are 0.1200, 0.1733, and 0.0267, respectively.
MGMD(5/6) finds the best projection direction for classification.
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are defined by xi;j … Tizj þ ��i þ nj, where xi;j 2 R20,
Ti 2 R20�7, z � Nð0; IÞ 2 R7, n � Nð0; 2IÞ 2 R20, i denotes
the ith class, j denotes the jth measurement in this class, and
��i is the mean value of the corresponding normal distribu-
tion. The ��i are assigned as ��1 … ð2Nð0; 1Þ þ 4Þ120, ��2 … 020,
��3 … ð2Nð0; 1Þ � 4Þ‰010; 110�T , ��4 … ð2Nð0; 1Þ þ 4Þ‰110; 010�T ,
and ��5 … ð2Nð0; 1Þ þ 4Þ‰15; 05; 15; 05�T . The projection matrix
Ti is a random matrix. Each of its elements is sampled from
Nð0; 5Þ. Based on this data generation model, 800 groups
(each group consists of the training and testing measure-
ments) of synthetic data are generated.

For our comparative study, subspace selection methods,
e.g., MGMD, are first utilized to select a given number of
features. Then, the nearest neighbor rule [9] and the
Mahalanobis distance [9] are used to examine the accuracy
and the robustness of MGMD by comparing it with FLDA
and its extensions. The baseline algorithms are FLDA [13],
HDA [21], aPAC [25], WFLDA [13], FS-FLDA [23], LFLDA
[35], HFLDA [26], and ODA [7]. For LFLDA, LFLDA
achieved best performance by setting the metric as plain
compared with setting the metric as weighted and
orthonormalized. Moreover, we set the kNN parameter to
7 in LFLDA.

5.1 Performance Evaluation
We conducted the designed experiments 800 times based on
randomly generated data sets. The experimental results are
reported in Tables 2, 3, 4, and 5. Tables 2 and 4 show the
average error rates of FLDA, HDA, aPAC, WFLDA, FS-
FLDA, LFLDA, HFLDA, ODA, MGMD(0) , and
MGMDð2=ðc� 1ÞÞ, where c is the number of classes. Tables 2

and 3 provide the results of the nearest neighbor rule, and
Tables 4 and 5 show the results of the Mahalanobis distance.
For the 800 experiments, statistical experimental results are
shown in Tables 2 and 4, herein, arithmetic mean values are
computed on different feature dimensionalities from 1 to 6
(by column). Correspondingly, the standard deviations
under each condition, which measure the robustness of
the classifiers, are given in Tables 3 and 5.

We have 20 feature dimensions for each measurement,
and all the measurements are divided into five classes, and
therefore, the maximal feature number for FLDA, HDA,
aPAC, WFLDA, and FS-FLDA is 5� 1 … 4; in contrast,
LFLDA, HFLDA, ODA, and MGMD can extract more
features than FLDA and HDA. From Tables 2, 3, 4, and 5, it
can be concluded that MGMD usually outperforms FLDA,
HDA, aPAC, WFLDA, FS-FLDA, LFLDA, HFLDA, and
ODA, consistently. Finally, the Mahalanobis distance out-
performs the nearest neighbor rule when the data are
strictly sampled from Gaussian distributions.

5.2 Justification of MGMD
In this part, we justify why MGMD is a suitable subspace
selection method for classification. We first study the
relationship between LðWÞ, which is defined in (15), and
the training error rate obtained from the Mahalanobis
distance-based classification. Experiments are done on a
randomly selected data set from 800 data sets generated at
the beginning of this section. We set training iterations to be
200 and � to be 0 and 0.75, because MGMD achieves its best
performance by setting � as 0.75. By setting � to 2=ðc� 1Þ …
0:5 as in Tables 2, 3, 4, and 5, we can have similar curves as
those obtained by setting � to 0.75. Fig. 7a shows the
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TABLE 2
Average Error Rates (the Mean from 800 Experiments)

Based on the Nearest Neighbor Rule for Dimensionalities 1-6

TABLE 3
Standard Deviations of Error Rates (from 800 Experiments)

Based on the Nearest Neighbor Rule for Dimensionalities 1-6

TABLE 4
Average Error Rates Based on the Mahalanobis Distance

for Dimensionalities 1-6

TABLE 5
Standard Deviations of Error Rates Based on the

Mahalanobis Distance for Dimensionalities 1-6
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